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Description: This workshop provides basic GAUSS programming techniques to
statistical inference for data analysis in a variety of application. Students will be able
to effectively construct any GAUSS code without difficulties once they fully understand
the econometric models in their research. This workshop would be also helpful in doing
econometrics homeworks or macroecomics calibration. For this purpose, in each class
we discuss one of the selected basic econometric models listed below, and then we
turn to programming the corresponding model with simulated or real data. There will
be weekly programming assignments. Each assignment will not take more than 30

minutes to complete, and should be submitted via email by 10pm Fridays. Please feel



free to seek advice from the instructor or other students, but students should write
up the code in their own words. All of solution codes will be posted on the website

(http://kyukang.net) after the due date.
1. Introduction to GAUSS Language
2. Central Limit Theorem
3. Ordinary Least Squares Estimation
4. Dummy variables and Chow test
5. Generalized Least Squares Estimation
6. Instrumental Variable Estimation
7. Maximum Likelihood Estimation
8. ARCH and GARCH Models
9. Probit Models
10. Autoregressive Models
11. Recursive Vector Autoregressive Models
12. Panel Analysis
13. State-Space Model and Kalman Filter
14. Markov Switching Models
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1 Introduction to GAUSS Language

1.1 Matrix Operations

GAUSS is one of the languages in which each variable is matrix. Thus the fundamental
operators are based on matrix algebra. Indeed, this respect is very useful since many
of econometric and economic models are represented in matix form. All Gauss codes
are in italic and each command must end with a semi-colon(;).

Making Matrices

a = eye(2);

imples a identity matrx with 2 dimension

is a 3x2 marix.

1 4
a=1 25
3 6
Also
a = {1 2 3};

gives a 1 x 3 vector.



In addition,

a = zeros(2,3);

b = ones(2,3);

gives 2 x 3 matrix of zeros and ones, respectively.

Matrix Operators

X

a + b;

The symbol '+’ means a matrix addition, i.e. element-by-element addition. If one of

them is scalar, say B, each element of X will be sum of each element of A and the
scalar B.

If both are matrices but incompatible sizes, then GAUSS will complain.

z[3, 2];

gives (3,2) element of matrix x.

r={14,25, 36}
z[2:8,1:2]
equals

25
3 6

Then z/.,2/ yields a matrix containing the entire row of the second column. Similarly

z/8,.] yields a matrix containing the entire column of the third row.



a ={12, 34}
b ={84, 56}

T = alb;

y =a"b;

z = a. * b;

implies that x, y and z will be
1 2
3 4 1 2 56 5 12
, and ,

5 6 3 47 8 21 28
7 8

respectively where ".* " is element-by-element multiplication.

1.2 Basic GAUSS Built-in Functions
y = meanc(z);

- Computes the mean of every column of a matrix.
Input x : NxK matrix.

Output y : Kx1 matrix containing the mean of every column of x.

y = inv(z);

- inv returns the inverse of an invertible matrix

Input x : NxN matrix



Output y : NxN matrix

y = sqrt(z);

Input x : NxK matrix.

Output y : NxK matrix, the square roots of each element of x.

y = stde(z);

- Computes the standard deviation of the elements in each column of a matrix.
Input x : NxK matrix.

Output y : Kx1 vector, the standard deviation of each column of x.

y = rndn(r,c);

- Creates a matrix of standard normal random numbers.

Input r : scalar, row dimension.

¢ : scalar, column dimension.

Output y : r x ¢ matrix of normal random numbers having a mean of 0 and standard

deviation of 1.

y = rndu(r,c);

- Creates a matrix of uniform (pseudo) random variables.
Input r : scalar, row dimension.
¢ : scalar, column dimension.

Output y : r x ¢ matrix of uniform random variables between 0 and 1.



1.3 Graphics

ry(z,y);

- Graphs X vs. Y using Cartesian coordinates.

Input x : Nx1 or NxM matrix. Each column contains the X values for a particular
line.

Output y : Nx1 or NxM matrix. Each column contains the Y values for a particular

line.

{ b,m, freq } = histp(z,v);

- Computes and graphs a percent frequency histogram of a vector.
Input x : Mx1 vector of data.
v : Nx1 vector, the breakpoints to be used to compute the frequencies, or scalar,
the number of categories.
Output b : Px1 vector, the breakpoints used for each category.
m : Px1 vector, the midpoints of each category.
freq: Px1 vector of computed frequency counts. This is the vector of counts,

not percentages.



2 Central Limit Theorem

2.1 Statement of the Theorem

The random variables X, X5, .., X,, form a random sample of size n from any given
distribution with mean p and variance 0. Then the distribution of the random variable

NZD ()_(n — u) /o converges to a standard normal distribution as n goes to infinity.

2.2 Flow Chart
Setp 0> Specify p, o, n and the distribution of X; (i = 1,2,..,n)
Step 1> Putj=1
Setp 2> Given the fixed n, sample (Xl(j), X9, X9 and calculate X = Zn%x(])
Step 3> Compute /n (X,(Lj ) ,u) /o and save it
Put j =j + 1 and go to Step 2 until j > T (sufficiently large number)
Step 4> Plot the distribution of \/n (X',(Lj) — u) Jo(j=1,2,..,T)

2.3 Code

1 new;
- All gauss codes start with "new" and end with "end".

- Every command should end with ";".

2 cls;

- Clear the screen(command window).

3 library pgraph;
4 T = 1000; @ # of draws @
53 n = 1000; @ sample size @

- Between two "@"s you can put in the footnote. Gauss does not recognize it.



6 Xmat = zeros(T,1); @ make a storage to save the sample mean @

7 mu = 0.5; @ mean of uniform dist over [0.1] @

8 sig2 = 1/12; @ wvariance of uniform dist over [0.1] @

9 j=1

10 do until j>T;

11 tmp = rndu(n,1); @ random sample of size n @

12 xmatfj, 1] = sqrt(n)*(meanc(tmp) - mu)/sqrt(sig2); @ save the draws @
13 =i+ 1

14 endo;

- "Do looping" always starts with "do" and ends with "endo".

- "do until j > T" implies "do while j is less than or equal to T".

- Once line 14 is reached, Gauss goes back to line 10 and check whether the
statement "j > T" is true or not.

- If it is true, Gauss terminates the looping and goes to line 15.
Otherwise, it continues the looping until the statement becomes true.

- Eventually, xmat gets filled with the T realizations.

15 {a,b,c} = histp(zmat,100); @ Plot the realizations using histogram @
16 "mean of xmat " meanc(rmat);
17 "variance of xmat " vex(zmat);

18 end; @ end the program @
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3 Ordinary Least Squares Estimation

3.1 Backgound

3.1.1 Three Representations of Classical Linear Regression Equations:

There are three conventional ways to describe classical linear regression equations as
below.

(i) Scalar form

Yy = ,61 + .IQt/BQ + l’gt@g + €, €t~iid(07 0'2)
(ii) Vector form

B
U (1 Toy $3t> By | €t e;iid(0, 0?)
B3

= ;cgﬁ—ketwherext:(l Tor T3y )/ and52(51 Ba 53)

(iii) Matrix form

Y1 1 zo1 o3 €1
b1

Y2 1 @9 w3 €2

o . By |+ .

= P : 5 : where ¢7(0, 0*I7)

3

yr 1 Tor X3T N—— er

| i L g i L i
Y X 15} e

3.1.2 OLS Estimator

B=(X'X)"'X'Y and 6® = &'¢/(T — 3) where é =Y — XJ3
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Under the classical assumptions,

(1) X is nonstochastic(or strictly exogenous) and has full column rank (no multi-
collinearity)

(2) The disturbances are mutually independent and the variance is constant at each
sample point, which can be combined in the single statement, e ~ (0, 0217),

OLS estimator is a BLUE(best linear unbiased estimator)

<Note: OLS Estimator >

The OLS estimator minimizes the residual sum of squares u'u where u =Y — Xb.

Namely

~

[ = arg mbin RSS =u'u

Then,

RSS = du
= (Y — Xb) (Y — Xb)
= Y'Y -bX'y—yXb+bX'Xb

= Y'YV -2’ X'y+b'X'Xb

since the transpose of a scalar is the scalar and thus ' X'y = 3/ Xb. The first ordeer

conditions are

ORSS
b
(X'X)b = X'y

= —2X'y+2X'Xb =0

which gives the OLS estimator.

<Note: Estimation of o2

Let My = Ir—X (X'X)7'X'. It can be easily seen that My is a symmetric(M% = My)

12



and idempotent(Mx Mx = Mx) matrix with the properties that MxX = Or and
Mxé = MxY = é. It follows that MxY is the vector of residuals when Y is re-
gressed on X. Also note that é = MxY = Mx (X[ +e) = Mxe since MxX = Or.
Thus

E[¢'é] = E [/ M, Mye]

= E[¢'Mxe] since M = Mx and MxMx = Mx

= E [tr (¢/Mxe)] since the trace of a scalar is the scalar

= E[tr (e’ Mx)] since tr(ABC) = tr(BCA) = tr(CAB)

= o?tr (Mx)

= o?tr (I7) —o?tr [X (X'X) 1 X]

= 02T — o?tr [(X'X) ' X'X] since tr(ABC) = tr(BCA) = tr(CAB)

= 02 (T — k) where k is the number of the regressors

Thus 6° = ¢'¢/(T — k) is an unbiased estimator of o?.

By making the additional assumption that e is normally distributed, we have

3 = (X'X)'X'Y

= (X'X)'X'(XB+e)
= B+ (X'X)'Xe

~ N(B,0*(X'X)™)

In general, 02 is unknown, and hence the estimated variance of /3 is

—

Var (B) = 6* (x'x) "

13



3.1.3 Simple hypothesis test

Now it remains to show how to use these estimators to test simple hypotheses test

about 8 where joint hypotheses test will be covered by the following section.

<Note

(i) If z ~ N(0,I7) and A is a symmetric and idempotent matrix of rank r, then
Az ~ 2 (r)

(ii) rank(Mx) =T — k

Notice that ¢ = MxY = Mxe. Then

N /
e  eMxMye e
— === = Mxz~x*(T — k) where z = —
o? o2 o

Also since é¢'¢ = 6*(T — k),

<Note
If z~ N(0,1) and B ~ x* (T — k) independently, then

z

e e
B/(T — k)

14



Then t value for each coeflicient is obtained as follows.

B;—bi R
0'2(X’X);1 - Bz — bl
N Y N S

B
Var (Bz)
A b

_ Bew
s.e.(0;)

where H : 3, = b; and 6*(X'X); ' is (4,4) element of 5*(X'X)".

3.1.4 Model comparison

The vector of the dependent variable Y can be decomposed into the part explained by

the regressors and the unexplained part.
Y =Y +¢é where Y = XJ3
Then it follows that

Y'Y -TY2=Y'Y —TY?4+ ¢&é.
~ ~ ~ A ad
TSS ESS RSS

The coefficient of multiple correlation R is defined as the positive square root of

ESS RSS

2__: Eahiadiad
R - TSS L TSS

R? is the proportion of the total variaiton of Y explained by the linear combination
of the regressors. This value is increasing by including any additional regressors even

if the added regressors are irrelevent to the dependent. However, the adjusted RZ2,

15



denoted by R? may decrease with the addition of variables of low explanatory power.

_ RSS T-—1
2 _q _ == R
B=1=Fes X 7%

Two of the frequently used criteria for comparing the fit of various specifications is
the Schwarz criterion

ee k
SC=In—+=InT
nT+Tn

and the Akaike information criterion

de ok
AIC =m &84+ 28
Nt

It is important to note that these criterions favor a model with smaller sum of the
squared residuals, but each criterion adds on a penalty for model complexicity measured
by the number of the regressors. Most statistics computer programs routinely produce

those criterions.

3.2 Flow Chart

Step 1> Data Generating Process(DGP)
1.1 Define the model parameters.
1.2 Specify the number of observations.
1.3 Generate the independent variables and random disturbances.
1.4 Derive the dependent variable.
Step 2> Estimation
2.1 Define the regressors and the regressand.
2.2  Estimate the coefficients and obtain the residuals.

2.3  Use the residuals to estimate the variance.

16



3.3 Code

3.3.1 Without procedure

1 new;

2 cls;

3 library pgraph;
4

PagWIn many;

5  /*Step 1: DGP */

6  bl=1;

7 b2 = 2;

8 b0 = 0|0; @ null hypothesis @

9 k = 2; @ # of regressors @

10 8192 = 4;

11 tru_b = b1|b2; @ True parameters @
12 T = 200; @ # of observations @

18 22 = rndu(T,1)*5;

14 emat = rndn(T,1)*sqrt(sig2); @ Error term @
15 ymat = bl + x2*b2 + emat;

16 /* Step 2: Estimation(OLS) */

17 X = ones(T,1) x2; @ T by 2, Independent variables @

18 Y = ymat; @ T by 1, dependent variable @

19 bhat = inv(X*X)*X’*Y; @ k by 1, Estimates for bl and b2 @

20 Yhat = X*bhat; @ T by 1, fitted value @
21 ehat =Y - Yhat; @ T by 1, residuals @
22 sig2hat = ehat’ehat/(T-k); @ Estimates of variance @

17



23
24
25
26

27
28
29
30

31
32

33
34
35
36
37
38
39
40
41
42
43

44
45
46
47
48

varbhat = sig2hat*inupd(X’X); @ k by k, variance of bhat @

stde = sqrt(diag(varbhat)); @ k by 1, standard error @
t_wal = (bhat-b0)./stde; @ k by 1, t values @

mY = meanc(Y); @ mean of the dependent variable @

TSS = Y'Y - T*mY2;
RSS = ehat’ehat;
R2 =1 - RSS/TSS; @ R-squared @

R2 =1-(n-1)*RSS/(TSS*(n-k)); @ adjusted R-squared @

SC = In(RSS/T) - k/T*In(T); @ Schwarz criterion @

AIC = In(RSS/T) - 2%/T: @ AIC @

/* Results */

true values FEstimates S.E. t value ;

tru_ b bhat “stde "t _wal;

n

"S.E. of regression is " sqrt(sig2hat);
"R2is " R2;

"adjusted R2 is " R2_;

"SCis " SC;

"AIC is " AIC;

n

_n.

title("Y and fitted Y");

zy(T, Y~ Yhat);

title("Error term and Residuals");
zy(T,emat ~ehat);

end;

18



3.3.2 Making procedure

{d.e} = Kang(a,b,c);
"d is " d;

N N T N T S
9}
I
Ao

10 proc(2)=Kang(x,y,z); @ 2’ = # of outputs @
11 local outl, out2;

- List all local variables which are recognized within procedure only..

12 outl = x + y;
13 out? = x*z;
14 retp(outl,out?);

- List the outputs

15 endp;

- A procedure starts with 'proc’ and ends with ’endp’.

3.3.3 With procedure

3 library pgraph;

19
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11
12
13
14
15

16
17
18
19
20

21
22
23
24
25

26
27
28

PAgWInN many;

/* Step 1: DGP */

bl = 1;

b2 = 2;

b0 = 0|0; @ null hypothesis @

k = 2; @ # of regressors @
8192 = 4;
Tru_b = b1|b2; @ True parameters @
T = 200; @ # of observations @
2 = rndu(T,1)*5;
emat = rndn(T,1)*sqrt(sig2); @ Error term @
ymat = bl + z2*b2 + emat;

/* Step 2: Estimation(OLS) */
X = ones(T,1) x2; @ T by 2, Independent variables @
Y = ymat; @ T by 1, dependent variable @

printr = 1; @ print out the estimation results if 1 @

{bhat, Yhat,residual,sig2hat,stde,t_val,p val,F val,R2,R2 ,SC,AIC} = ols1(Y,X,printr);

title("Y and fitted Y");
xy(T,Ymat ~Yhat);

title("Error term and Residuals”);
zy(T,emat “residual);

end;

proc(12) = ols1(Y,X,printr);
local k, T,bhat, Yhat,ehat,sig2hat,varbhat,stde,
t wval,R,L,gam,F _wval,mY,TSS,RSS,R2,SC,AIC;
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29
30
31
32
33
34
35
36
37
38

39
40
41
42
48
44
45

46
47
48
49
50

51
52
53

T = rows(Y);

k = cols(X);

bhat = inv(X"*X)*X’*Y; @ k by 1, Estimates for bl and b2 @
Yhat = X*bhat; @ T by 1, fitted value @

ehat = Y - Yhat; @ T by 1, residuals @

sig2hat = ehat’ehat/(T-k); @ Estimates of variance @
varbhat = sig2hat*invpd(X’X); @ k by k, variance of bhat @
stde = sqrt(diag(varbhat)); @ k by 1, standard error @

t_wal = (bhat-b0)./stde; @Q k by 1, t values @

p_val = cdfte(t_val, T-k); @ k by 1, p value @

mY = meanc(Y); @ mean of the dependent variable @
TSS = Y'Y - T*mY~2;

RSS = ehat’ehat;

R2 =1 - RSS/TSS;

R2 =1-(T-1)*RSS/(TSS*(T-k));

SC = In(RSS/T) - k/T*In(T);

AIC = In(RSS/T) - 2%/T;

/* Test HO: All coefficients are zero. Refer to the section 4 for details */
R = eye(k);

L = k; @ # of Restrictions @

gam = zeros(k,1);

F wal = (R*bhat - gam) invpd(R *inupd(X’X)*R’)*(R *bhat-gam) /(L *sig2hat);

if printr == 1;
/* Results */

" _n.
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o4
55
56
57
58
59
60
61
62
63
04
65

66
67

"Parameter Estimates S.E. t value p value”;

seqa(1,1,k) “bhat “stdet_wval "p_wval;

"

"S.E. of regression " sqrt(sig2hat);

"F value " F_wval;

"p value(F) " cdffc(F_wval, L, T-k);

//RQ " RQ’.

"adjusted R2 " R2_;
//SO " SO’.

"AIC' " AIC;

n

endif;

retp(bhat, Yhat,ehat,sig2hat,stde,t _val,p _val,F val,R2,R2 ,SC,AIC);

endp;

22
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4 Dummy variables and Test of Structural Change

4.1 Backgound

One of the most important diagnostic criteria for an estimated equation is parameter
consistency. A structural break issue occurs if the parameters differs from one subset of
the data to another. The test of structural change can be carried out in many different
but equivalent ways given exogenous change points. In this material we discuss the
approach with the so-called dummy variables that take either zero or one. Note thatt
his dummy variable regression can be easily generalized to capturing seasonal patterns

in the time series data or individual effect in panel data.

4.2 Testing for structural change in intercept and slopes

Yy = (By+061Dy) + (By+ 02Dy) w9y + €4, €,74.1.d(0,07)
0, t=1,2,..,71
where D, =
1, t=7+1,74+2,..,T

(i) Before break, y; = 8, + Bywa + €
(ii) After break, ys = (By + 61D;) + (B3 + 62D;) T2t + €

In vector form,

U1 10 T2 0 €1
By
Yr 1 0 xo 0 01 er
= +
Yr+1 11 @mory1 worp 52 €r+1
. 5,
| YT | _1 1 zop Tor | | er |
Y X 15} e
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Then the joint test hypothesis for parameter consistency becomes

Hy : 01=0,=0<= Hy:RG=1~

0100 0
where R = and v =

0 001 0

Recall that the F statistic is

(R3—+) [RX'X)RY™ (RE - 1)

“F(L,T—k 1
This Wald statistics can be alternatively expressed as
T —k)[érér —€é
T Ctn =gy )

Le'e

4.2.1 Flow Chart
Step 1> Run y, = 8, + 01Dy + Poxor + 02Dy X x9 + ¢, and get é. (Unrestricted regression)
Step 2> Run y; = (B, + By79 + €, and get ég. (Restricted regression, i.e. §; = ds = 0)
Step 3> (i) Specify R and 7 to compute the F statistic (1).
(ii) Compute the F statistic (2) using é and ég.

4.2.2 Code
1 new;
2 cls;
3 /¥ Data loading ****/
4 t=144; @ 1960:1-2001:] @
5 load dataft,3]=c:\ data\ watson.txt;
6  FFR = datal.,1]; @ Federal Funds rate @
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9
10
11
12
13
14
15
16
17
18
19
20
21
22

23
24
25
26
27
28
29
30

31
32

inf = datal.,2]; @ inflation @

un = data/.,3]; @ Unemployment rate @

J¥XFE Estimatin *F**/

/* Step 1: Unrestricted OLS */

bp = 80;

D = zeros(80,1)|ones(t-80,1);
Y = FFR;

X1 = ones(t,1);

X2 = X1.*D;
X3 = inf;
X4 = inf.*D;
X5 = un;
X6 = un.*D;

X =X1"X2"X8"X4 " X5"X6;

printr = 0;

{bhat, Yhat,resid,sig2hat,stde,t

/* method 1 : Wald Test */

@ 1st method @

R=07"17070"070|
07070717070
0707070071,

L = rows(R); @ # of Restrictions @

gam=0|0|0;

F1_wal=(R*bhat - gam)’inv(R*inv(X’X)*R’)*(R*bhat-gam) /(L *sig2hat);

/% Step 2: Restricted OLS */
Y = FFR;

val,p_val,F'_val,R2,R2 ,SC,AIC} = ols1(Y,X,printr);

25



33 X0 = X1"X3 Xb;

34 printr = 0;

35 {bhat0, Yhat0,resid0,sig2hat0,stde0,t _val0,p _val0,F _val0,R20,R20 ,SC0,AIC0}
= ols1(Y,X0,printr);

36 /* method 2: Wald Test */

37 RSS res=resid0’resid0; @ Restricted RSS @

38 RSS unr=resid’resid; @ Unestricted RSS @

39 k = cols(X); @ # of regressors in the unrestricted reqg @
40  F2 wal=(T-k)*(RSS_res - RSS wunr) / (L*RSS unr);
L — i

42 Result for Chow Test ;

3"

44 F value from method 1 F1_wal;

45 F value from method 2 F2_wal;

46 p value cdffe(F1_wval, L, T-k);

47 end;

48 proc(12) = ols1(Y,X,printr);
49 local k,T,bhat, Yhat,ehat,sig2hat,varbhat,stde,p _val, R2_,
50 t wval,R,L,gam,F wval,mY,TSS,RSS,R2,SC,AIC;

51 T = rows(Y);

52 k = cols(X);

53 bhat = inv(X*X)*X’*Y; @ k by 1, Estimates for bl and b2 @
54 Yhat = X*bhat; @ T by 1, fitted value @

5%5] ehat = Y - Yhat; @ T by 1, residuals @
56 sig2hat = ehat’ehat/(T-k); @ Estimates of variance @
57 varbhat = sig2hat*invpd(X’X); @ k by k, variance of bhat @
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58
59
60

61
62
63
04
65
66
67

68
69
70
71
72

73
74
75
76
77
78
79
80
81
82

stde = sqrt(diag(varbhat)); @ k by 1, standard error @
t_wal = bhat./stde; @ k by 1, t values @
p_val = 2%cdfte(abs(t_wval), T-k); @ k by 1, p value @

mY = meanc(Y); @ mean of the dependent variable @
TSS = Y'Y - T*mY~2;

RSS = ehat’ehat;

R2 =1 - RSS/TSS;

R2 =1-(T-1)*RSS/(TSS*(T-k));

SC = In(RSS/T) - k/T*In(T);

AIC = In(RSS/T) - 2%/T;

/* Test HO: All coefficients are zero */
R = eye(k);
= k; @ # of Restrictions @
gam = zeros(k,1);

F wal = (R*bhat - gam) invpd(R *inupd(X’X)*R’)*(R *bhat-gam) /(L *sig2hat);

iof printr == 1;
/* Results */

" _n.

"Parameter Estimates S.E. t value p value”;
seqa(1,1,k) “bhat “stde "t _wval "p_val;

"S.E. of regression " sqrt(sig2hat);

"F value " F_wval;

"p value " cdffc(F_wval,L,T-k);

"R2 " R2;
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83 "adjusted R2 " R2 ;

84 "SC " SC:

85 "AIC " AIC;

86 " -
87 endif;

88 retp(bhat, Yhat,ehat,sig2hat,stde,t _val,p _val,F_wval,R2,R2 ,SC,AIC);
89 endp;

4.3 Testing for structural change in Variance

Yo = By+ Bovar+ e, e i.0.d(0,07)

h 5 o3, t=1,2,..,7
where o} =
o, t=17+1,7+2,.,T

Then the test hypothesis for parameter consistency becomes
Hy: 03 =05 and Hy : 0° # 03

This is one of the tests for heteroskedasiticity. If the null is rejected, it implies that
the OLS estimator is no longer a BLUE. Note that

5-1 (7_2_ k) ~X2 (7_ . k’)

X (T—1—k)
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Hence

=k y (o _ 5
-2 - 5
MTU;%T%)/(T—T—M 72/}
o 2 _ 52
= — under the null o7 = 03
09

TF(r—kT—1—k)

... e A2 A2 57
Intuitively, if 6 ~ 73, then 2~ 1.

4.3.1 Flow Chart

Step 1> Run y; = 3, + By + ¢, for the first subsample and estimate 67
Step 2> Run y; = 3, + Bya + ¢ for the second subsample and estimate &3

Step 3> Compute 67 /63

4.3.2 Code

1

2 cls;

3 library pgraph;
4 #include H:\ KangProc.s;

- KangProc.s has all the procedures that can be used in this program.

5 T = 246; @ sample period, 1947:11-2008:11] @

6 /*:::::::: loadzng data ::::::::::::::*/
load data[T,1] = c:\data\gdpgrowth.txt; @ quarterly GDP growth rate @
8 tau = 150; @ Great moderation since 1984:1V @

<
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10 /*= Step 2-1 : The 1st period =*/

11 Y1 = data[1:tau/;

12 X1 = ones(tau,1);

13 printr = 0;

14 {bhat1, Yhatl,resid1,sig2hatl,stdel,t _wvall,p _wvall,F wvall,R21,R21 ,SC1,AIC1}
= ols1(Y1,X1,printr);

15  /*= Step 2-2 : The 2nd period =*/

16 Y2 = dataftau+1:TJ;

17 X2 = ones(T-tau,1);

18 {bhat2, Yhat2,resid2,sig2hat2,stde2,t _wval2,p val2,F wval2,R22,R22 ,SC2,AIC2}
= ols1(Y2,X2,printr);

19 F _wal = sig2hatl/sig2hat2; @ F statistic @

20 = cols(X1); @ # of regressors @

21 /* Test Results */

22 4 - - 2

28 "F-value " F_wval;

24 "P-value " cdffe(F _val,tau-k, T-tau-k);
25 "n... .

26 end;
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5 GLS Estimation

5.1 Backgound

In the previous section, we examined the test for groupwise heteroskedasticity. Given
the presence of heteroskedasticity, we shall illustrate GLS estimation method with the

following simple model.

Y = ﬁl—i—ﬁngt—l—et, €t~/l'.2'.d(070'§)
o2, t=1,2,...7

where 07 =
o3, t=17+1,7+2,..,T

or

Y =Xp+e, e (0rx1, ) where Q = T xT

5.1.1 When () is known

Define a lower triangular matrix, C' as cholesky decomposition of Q~!. Accordingly,

CC"=QO7'. Then

Y - Xﬁ—’—@, GN(OTXIaQ)
— Y =CX+C% ¢ =C%e (0pe,"Q0)
— Y =X*+4¢", ¢ (0pe, C'QC = C' (CCY ' C = I)

where Y* = C'Y and X* = (C'X.

31



Now the classical assumptions are satisfied, and now we are able to apply OLS.

Then

BGLS — (X*IX*)—l X*/y*

= (X'X) XY and Var (Bops) = (X'07'X)

5.1.2 When is unknown (Feasible GLS)

Step 1> OLS regress Y on X over the subsample, t = 1,2, .., 7 and estimate 6%.
Step 2> OLS regress Y on X over the subsample, t = 7 + 1,2, ..,7 and estimate &3.

Step 3> Construct ) using 6% and 673 such as

>
I

—

. . -1, N R -1
Step 4> compute S g = <X’Q_1X> X'Q7YY and Var (ﬂGLS> = (X’Q_1X> :

5.2 Code

1 new;

2 cls;
3 library pgraph;
4 #include H:\ KangProc.s;

- KangProc.s has all the procedures that can be used in this program.
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5 T = 246; @ sample period, 1947:11-2008:11] @

6 /*:::::::: load@ng da,ta, ::::::::::::::*/
7 load data[T,1] = c:\data\gdpgrowth.tzt; @ quarterly GDP growth rate @
8 tau = 150; @ Great moderation since 1984:1V @

9 [F======== Step2: Testing =====*/

10  /*= Step 2-1 : The 1st period =*/

11 Y1 = data/1:tau/;

12 X1 = ones(tau,1);

13 printr = 0;

14 {bhat1, Yhatl,resid1,sig2hatl,stdel,t_wvall,p_wvall,F wvall,R21,R21 ,SC1,AIC1}
= ols1(Y1,X1,printr);

15 /*= Step 2-2 : The 2nd period =*/

16 Y2 = dataftau+1:TJ;

17 X2 = ones(T-tau,1);

18 {bhat2, Yhat2,resid2,sig2hat2,stde2,t _val2,p _val2,F wval2,R22,R22 ,SC2,AIC2}
= ols1(Y2,X2,printr);

19 F _wal = sig2hatl/sig2hat2; @ F statistic @
20 k = cols(X1); @ # of regressors @

21 /* Test Results */
22 " H’.
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23

24
25

26
27
28
29
30

31
32
33
34
35

36
37
38
39
40
41

"F-value " Fwal;

"P-value " cdffc(F _wval,tau-k, T-tau-k);

n .
)

omega = zeros(T,T);
Dmat = zeros(tau,1)|ones(T-tau,1); @ Dummy variable @
v = sig2hat1*(1-Dmat) + sig2hat2*Dmat; @Q daig(omega) @

omega = diagrv(omega,v);

X =X1|X2 @Thyka

Y=VYIY2 @Thy!@

b_hat = inv(X’inv(omega)*X)*X inv(omega)*Y;
var_b = inv(X inv(omega)*X);

"GLS estimates " b_hat’;
"S.E. " sqrt(diag(var_b))’;

n .

end;
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6 Instrumental Variable Estimation

6.1 Backgound
6.1.1 IV Estimatior

Under the classical assumptions, OLS estimator is a BLUE. One of the centeral as-
sumptions is no correlation of the disturbance term with one or more of the regreessors.
If this condition does not hold, OLS estimators biased and inconsistent. This condition
can be violated by three major situations: measurement error, missing variables, simul-
taneous equations. A consistent estimator may be obtained by the use of instrumental
variables, which is illustrated with a regression equation with missing variables.

(1) DGP

Yy = B+ 228y + 2385 + WA + ey,
Covlxo, x3] = 0, Covlryy,w] #0, and E (xoe;) = E (x36,) = E (wiey) =0

(2) Regression equation : w; is a missing variable

Yo = Byt aaufBy+ a3 +u, E(vu) =0, E(z3u) #0
In a matrix form,

Y = Xf+u=XF+WA+ewhere X =] X; X, X3]andﬁ=[51 By B3 /

(i) Properties of OLS Estimator
Orthogonality between 3 and disturbance term, w; is not satisfied any longer
because contains some information on w;, which generates non-zero correlation between

uy and Ts3;.
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Then OLS estimator is

Bors = (X'X)'X'Y
= (X'X)'X'(XB+WA+e)
= B+ (X'X)'X'WA+ (X'X) ' X'e
oy ow oy
0X 0X oW
ow

= Ot axA

—

with Var(Bo.5) = 62 (X'X) " where 6% = @/a/(T —3) and 4 = Y — X36.
Thus OLS Estimator is inconsistent because 3 ¢ captures the indirect effect(g—v)g)\)

as well as the direct effect(f3).

(ii) Properties of 2 SLS Estimator
Then suppose that it is possible to find a vector of instrumental variables, z; =
| 214 2o | with two vital conditions:
(i) They are correlated with x5, where plim(Z’X3)/T is a finite covariance matrix
of full rank
(ii) They are asymptotically uncorrelated with the disturbance term u;, namely
plim(Z'u)/T =0
Now define Z as
[ X1 Xo 2y Zy]

It should be noted that Z also satisfies those two properties.

<Note>

One of the OLS estimator properties is that the fitted values (17) and the residuals()
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are orthogonal as follows.

27 4 I~
Y'ia = BorsX'tu
= B/OLSX/ (Y - XBOLS) since ¥ = XBOLS and 4 =Y — XBOLS
~ [l Al ~
= BorsX'Y = BorsX' XPBors
— B XY — B X' X(X'X) XY since By o = (X' X)TLXTY
= Bors — Bors ( ) since Bprg = ( )

N N
= BOLSX,Y - 50LSX/Y =0

Hence Yt = 0, which implies that OLS regression decomposes the

dependent variable(Y") into two orthogonal variates, one of which is correlated with

whereas the other is not.

<Note>
2 Stage Least Squares Estimation

1st stage: Regress X on Z by OLS to obtain X. That is,
X=Zy+0=X+vand X = Z2(Z2)"'7'X

ond stage: Regress Y on X by OLS to obtain 3,4, = (X'X)1X'Y
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Then, by 2SLS, we may have a IV Estimator, B ;v such that
By

- (@R

= (X’

= (X'Z(Z'2)'ZX)'X'Z2(Z2'2)7' Z'Y

2(Z'2) 2 2(2'2) 2 X)X Z2(Z' Z) Z'Y since X = Z(Z'2) 7' X

= (X'Z(Z'2)'ZX)'X'Z(Z'Z) 7 (XB+WA+e) sinceY = XB+WA+e
= B+ (X'Z(Z'2)'ZX) ' X' Z(Z'Z) T Z WA

HX'Z(Z'2) 2 X)X 2(2'Z) e

_ 44 X’Z(Z’Z)_lz’X *1X’Z(Z’Z)_1Z’W
N T T T T T T

A

X’Z(Z’Z)fl Z'X\ X’Z<Z’Z)71 Z'e
T T T T T’ T
oY
- (: a_X>

since Cov (x4, z:) < 00, Var(z) < oo, Cov(wy, z;) = 0o and Cov(z, er) =0

Notice that

N ~ N\ —1
Var(By) = &7 <X’X)
X'Z(Z'2) 2 2(2' 2) Z'X)

1

I
Q»
[\
—~

where 6% = @/4/(T—3) and & = Y — X 3. It is important to notice that the residuals
are not (Y — XBIV) but (Y — XBI‘/).

On the other hand, consider the case that Z contains the same number of columns as
X, that is, the number of instrumental variables is equal to that of regressors correlated

with the disturbance term. Now X'Z is square, non-singular and thus invertible. Hence
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the estimator simplifies to

BIV = (Z/X)_lzly

and Var(B,,) = 6%(Z'X)"NZ'2)(X'Z)~".

6.1.2 Testing Endogeneity: Hausman Test

Given the assumption of plim[Z'u/T| = 0 and plim[Z'X/T]| # 0, we test Hy :
plim[X'u/T] = 0.

Define § = 8, — Bopg. Then Hausman has shown that

Var(q) = Var(B,y) — Var(Bos)

Thus asymptotic test statistic could be a quadratic form such as
~ ~N—1~ 2
q'Var(q)— 4~ x*(L)

where L is the number of the regressors that are correlated with the disturbance term
ug. In this particular case, L = 1.
<Note>
In the 1st stage, X and X + ¢ and X’X = X'X + ¢'0>X'X. Therefore,

-1

Var(BN) = o2 (X’X) > Va'r’(BOLS) =02 (X’X)f1 under the null.

The intuition behind this test statistic is as follows.
Under the null hypothesis, both estimators are consistent so that |¢| becomes very
small. Moreover OLS estimator is more efficient under the null in sense that Var(B w)—

Var(BO s)>>0. Hence the statistic should be small and the hypothesis is not rejected.
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Meanwhile under the alternative, the difference should be very different from zero due

to the inconsistency of 50 s, which makes the statistic large and the null hypothesis

would be

rejected.

6.1.3 Flow Chart

Step 1>
1.1
1.2
1.3
1.4
1.5
Step 2>
2.1
2.2
Step 3>
3.1
3.2

Data Generating Process (DGP)

Define the model parameters.

Specify the number of observations.

Generate the independent variables correlated with random disturbances.
Generate instrumental variables satisfying the conditions.

Construct the dependent variable.

IV Estimation

Define the regressors, the regressand, and the collection of instrumental variables.
Compute the IV Estimates and its variance.

Endogeneity Testing

Compute OLS estimates and its variance.

Obtain the Hausman test statistic and make an inference.

6.2 Code
1 new;
2 cls;
3 #include F:\ KangProc.s;

< S S A

/*===== Step 1: DGP =======%*/
T = 500;

bl = 1,

b2 = 2;
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8 b3 = 3;

9 lam = 1;

10 tru_b = b1|b2|b3;

11 C X =rndn(T,1)*1; @ common factor between X3 and W @

12 C 7 =mndn(T,1)*1; @ common factor between X3 and Z @
- C_X creates the non-zero correlation between X3 and W.

- C_Z creates the non-zero correlation between X3 and IV’s.

13 X2 = rndn(T,1); @ independent of W @

14 X3=C X+ C Z+ rmdn(T,1);

15 W=C_X + rdn(T,1); @ missing variable @
16 emat = rndn(T,1);

17 ymat = bl + X2%b2 + X3*b3 + W*lam + emat;

18 @ Generating 1V @
19 Z1=C Z+ rndn(T,1); @IV @
19 Z2=C Z+ rmdn(T,1); @IV2 @
20 Z = ones(T,1)"7Z1°7Z2"X2;
- However, Z and W are completely orthogonal, and thus Z and the disturbance

term in the regression equation are uncorrelated.

21 /*====== Step 2: IV Estimation =======%/
22 X = ones(T,1)"X27X3; @ X3 is missing @
23 Y = ymat;

24 /* OSL */

25 printr = 0;

26 {b_OLS, Yhat,resid,sig2hat,stde,t _val,p_wval,F _val,R2,R2 ,SC,AIC} = ols1(Y,X,printr);
27 Varb_OLS = sig2hat*invpd(X’X);
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aRiavs

b IV = inv(X'Z%inv(Z°Z)*Z°X)* X Z*inv(Z°Z)*2°Y; @ IV Estimator @
ehat = Y - X*b_IV;

sig2hat = ehat’ehat/(T-3);

Varb IV = sig2hat™inv(X Z*inv(Z°Z)*Z’°X);

qghat = b IV - b_ OLS;
Varqg = Varb_1V - Varb _OLS;
HT = qhat’inv(Varq)*qhat;

n _n.

"True b2 b2 _OLS b2 IV,
tru b"b _ols™b IV;

n n.

"Hausman test statistics " HT;

"p value " cdfchic(HT,1);

end;
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7 Maximum Likelihood Estimation

7.1 Maximum Likelihood Estimator

Consider the following simple linear model,
Y, = By + 11839 + e, € ~ iidN(0,0?)

The likelihood function specifies the plausibility or likelihood of the data given the
parameter vector, 6 = < B, By o? )I. In the maximum likelihood method, the ML
estimates, 01, can be obtained by maximizing the log of the likelihood function as
follows.

frr = argmaxIn L (0]Y)

For constructing the likelihood function, it is extremely useful to consider the prediction
error decomposition.

Note that y;|l;—1 ~ N (E [y¢|l;—1], Var [ys|I;—1]) where the prediction of y; condi-
tional on I, 1 = (x1, X2, .., T, Y1, Y2, - Ye-1)s B [ye|li-1] = By + 265 and Var [y, |[,_1] =

o? by the model specification. Then, the prediction error is,
M =Yt — Elyelli1] = ye — b1 — 28, = e
and the variance of 7,,
op = Var[y|lia] = Var [y, — E [yl ]l = Var [ys — B, — 2,8, = 0

Once the prediction error and its variance are specified, constructing the log likelihood
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becomes so easy.

S0, I,-1) = f(n,]0)

1 1n?
Ve
2102 20}

1 1
In f(y:|0, [—1) = —éln (27raf) — 5%
7

ImLO)Y) = Y Inf(uld.I,—y) since LOY) = J[ f(wl0,1-1).

t=1,..,T

By using the inverse of the negative of the second derivative of the log likelihood
function (Hessian) evaluated at 6 = 9ML, the variance of 9ML, Var(@ML) can be

estimated.

Recall the properties of MLE,
- asymptotical normality
- asymptotical consistency
- asymptotical efficiency

which can be described as
Orir ~* N (0,171(0))

and those properties hold even if the specified distribution of the prediction error is

not normally distributed.

7.2 Wald and Likelihood Ratio Test

Any joint linear hypothesis Hy : h(f) = 0 can be expressed as follows.

Hy:h(0)=RO—71=0
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1 00 0
For example, 3, = B, = 0 is implied by R = and r = . Notice
010 0

that the number of rows (columns) of R is equal to the number of the restrictions
(parameters).
(i) In the Wald test, the unrestricted regression equation only is required to be

estimated to obtain the estimates 0y yr. The Wald test statistics is expressed by
o / N -1 N
W(Ild =h <0UNR> [VCLT <]’L <0UNR>>} h <0UNR> ~ XQ((])

where ¢ is the number of restrictions and Var (h <9UNR)> = RVar <9UNR> R
(ii) The likelihood ratio test statistic is defined as

LR = —2[In Lgps — In Lyngr] ~* x*(q)

where In Lrgs and In Lyyg are the log likelihood value for the restricted and the
unrestricted model, respectively. Thus the calculation of the LR statistic thus requires
the fitting of both the restricted and the unrestricted model.

<Note>

It is very useful to notice the famous inequality for the test statistics in linear

models, namely,

Wald > LR > LM

Hence even though they are asymptotically equivalent but in general may give different

numerical results in finite samples.
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7.3 Flow Chart for MLE

()
Step 1>
Step 2>
Setp 3>
Step 4>
Step 5>
(i)

Setp 0>
Step 1>
Step 2>
Step 3>
Step 4>

The procedure in Gauss

DGP

Specify the initial value for each parameter to be estimated.
Define and construct the log likelihood function. (See (ii) below)
ML estimates are obtained.

Evaluate the Hessian at the ML estimates to get their variance-covariance.
Constructing the log likelihood function

Put t = 1 and In L=0.

Define the parameters to be estimated.

Specify 7, and o? at time t.

Compute In f(n,|0) = —0.51n (270?) — 0.51? /02
InL=InL+1nf(nld),t=1t+1and go to Setp 2> while t < T.

7.4 Constrained MLE and Delta Method

Since the variance, o2 should not be negative, we need to impose a restriction that can

not have a negative value in the process of optimization. For the constrained MLE,

one more step which is a parameter transformation is added between Step 1 and 2 in

the flow chart (ii). Then one of the most convenient ways is as follows.

7:R*>— R x R*" when m(aq, a2) = (a1, exp(as)) = (p, 0?)

That is, we specify a new function as above by constructing one more procedure for

this transformation.

More importantly, we should notice that the initial values in Step 1 in (2) are NOT

for u and o2, but for a; and a. Thus basically ‘xout’ refers to (&1, éz), not (ﬂ, &2)

even though &; = f in this model. Finally (a1, exp(ds)) = (i1, 6%).
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For the variance-covariance of (A , 62), we can use Delta method as follows:

Var (f1,6%) = Var (m(1,d2)) = (ag(f)) Var(a) (agf)>l

where & = (G4, Go)
Example) X 7(0,3) and 7(X) = 2X. Then

= War(X)2 =2x3x2=12

7.5 Code

7.5.1 ML Estimation

1 new;,
2 cls;
3 /¥======= Step 1: DGP ========%/
4 T = 200; @ # of observation @
5 bl =2
6 b2 = 2;
7 sig2 = 4; @ True conditional variance @
8 tru_para = b1]b2|sig2;
9 emat = rndn(T,1)*sqrt(sig2); @Q error term @

10 X1 = ones(T,1);

11 X2 = rndu(T,1)*4;

12 X = X1°X2;

13 y = X1*b1+X2*b2+emat;

14  [*=======Step 2: Unrestricted MLE ======%/
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15
16
17

_gn_ Printlters = 0; @Qif 1, print iteration information. Default = 0 @
prmtr_in = 0|0|3; @ Initial values for b1, b2, and sig2 @
{zoutl, foutl, goutl, coutl} = qnewton(&ln_ LI1,prmtr_in);

- For MLE, we should pass two elements into Gauss.

(i) Objective function

(ii) Initial values

- (i) In_L1 = objective function. This procedure must have one input argument,

a vector of parameter values, and one output argument, the value of the function

evaluated at the input vector of parameter values.

(ii) prmtr _in = a vector of initial values

- xoutl = @

- fout1 = the negative value of the unrestricted log likelihood function evaluated at

QUNR

18
19

20
21
22
23
24
25

26
27
28

= —In L(9|Y)

covl = inv(hessp(&in_L1,xoutl));
InL _unr = -foutl; @ Log likelihood under H1 @

/* Suppose that HO: b2 = 0 */

_qn_ Printlters = 0; @if 1, print iteration information. Default = 0 @
prmtr_in = 0|8; @ Initial values for b1 and sig2 @

{zout0, foutl, gout0, cout0} = gqnewton(éin_ LO,prmtr in);

InL_res = -fout0; @ Log likelihood under HO @

@ LR Test @
LR_stat = -2*(InL_res-InL_unr);
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29
30
31
32

33
34
95
36
37
38
39
40
/1
42
43

44
45
46
47
48
49

50
51
52

53
o4

@ Wald Test @
R=0"1"0;
gam = 0;

Wald_stat = (R*zoutl-gam) *inv(R*covl *R’)*(R*routl-gam);

B ——————— n

"True values MLstimates"” ;

tru_para "zoutl;

B S ————————————. n

S n.

"LR statistics " LR_ stat;
"Wald statistics " Wald_ stat;

L —— .

proc In_ L1(prmir);

local bihat, b2hat, sig2_hat, InL, itr,eta_t,s192 t,Inf;
blhat = prmir[1];

b2hat = prmir[2];

sig2_hat = prmtr[3];

InL = 0;
iwr = 1;

do until itr>t;

/* Prediction error */

eta_t = yfitr] - blhat*X1[itr] - b2hat*X2[itr];
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59
56

/* Variance of prediction error */

5192 _t = sig2_ hat;

- Prediction decomposition

57
58

/* log likelihood density */
Inf = -0.5%In(2%pi*sig2 t) - 0.5%(eta_t°2)/sig2 t;

- log of the normal density for each observation.

59
60
61

62

InL = InL + Inf;
itr = itr + 1;

endo;

retp(-InL);

- Indeed, Gauss minimizes any given objective function. To maximize the likelihood

function, we thus define the output as —InL, instead of InL.

63

04
65
66
67
68
69

70
71
72
73
74
75

proc In_ LO(prmir);

local bihat, b2hat, sig2_hat, InL, itr,eta_t,s192_t,Inf;
blhat = prmir[1];

b2hat = 0;

sig2 hat = prmitr[2];

InL = 0;
itr = 1;
do until itr>t;
/* Prediction error */
eta_t = yfitr] - b1hat*X1[itr] - b2hat*X2[itr/;

/* Variance of prediction error */
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76 sig2 t = sig2_hat;

77 /* log likelihood density */

78 Inf = -0.5%In(2%pi*sig2_t) - 0.5%(eta_t"2)/sig2_t;
79 InL = InL + Inf;

80 ir = itr + 1;

81 endo;

82 retp(-inL);

83 endp;

7.5.2 Constrained MLE

2
3 T = 246; @ sample period, 1947:11-2008:111 @

4 load data[T,1] = c:\data\gdpgrowth.txt; @ quarterly GDP growth rate @
5 Y = data[2:T];

6 X =data[1:T-1];

7 T =rows(Y); @ sample size @

9 prmtr_in = 1|1|0; @ Initial values for al, a2 and a2 @

10 _qn_ Printlters = 1;

11 {zout, fout, gout, cout} = qnewton(&lik_f,prmtr_in);

12 zout_ fnl = trans(xout); @ beta @

13 cov = inv(hessp(6lik_ f,xout)); @ variance-covariance of alpha @
14 grad = gradp(Etrans,zout);
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15
16

17
18
19
20
21
22
23

24

25
26
27
28
29
30
31
32

33
34
36
37
38
39
40
41

cov_fnl = grad*cov*grad’; @ variance-covariance of beta by Delta method @

stde = sqrt(diag(cov_fnl));

" Log likelihood function value " -fout;

/*====== Procedure for constructing the likelihood function =====%*/
proc lik_f(prmtr);

local prmtrl, mu,phi,sig2, InL, itr,eta_t,s1g2t,Inf;

prmtrl = trans(prmitr); @ parameter transformation @

mu = prmtri[1];

phi = prmitr1[2];

5192 = prmir1[3];

InL = 0;

ir = 1;
do until itr>t;
eta_t = Y/itr]- mu - phi*X/itr/;
5192t = s192;
Inf = -0.5%In(2%pi*sig2t)-0.5%(eta_t"2)/sig2t;
InL = InL + Inf;
wr = atr + 1;

endo;
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retp(-InL);
endp;

/* Procedure for trans */
proc trans(prmtr);
local prmtri;

prmirl = prmitr;

prmtrl[2] = prmir[2]/(1+abs(prmir[2])); @ phi @
prmtrl[3] = exp(prmitr[3]); @ sig2 @

retp(prmtrl);
endp;
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8 ARCH and GARCH Models

8.1 Background

Conditional heteroscedasticity is very common in many of financial time series data.
One of the most popular approches to deal with it is GARCH specification where
ARCH belongs to this category. The basic idea is that the mean corrected dependent

is serially uncorrelated, but dependent.

8.1.1 ARCH

The first model for conditional volatility modeling is the ARCH model of Engle (1982).
Consider the simplest case, ARCH(1):

Yy = u+€t7

where ¢, = oyg4, €, ~ 1idN(0,1) and Uf =g+ alef_l

Note that e, has zero mean and its conditional variance is given by o7 = ag + aze7 ;.
On the other hand, the unconditional variance o2 is ap/(1 — ay), which only exists if
ap > 0 and |ay| < 1.
Thus the prediction error decomposition is the following:
the prediction error, 1, =y — E [y lt—1] = v — 1

the variance of 7, o? =Var [n|Li_1] = ap + ar€? 4

8.1.2 GARCH

Consider the most frequent application in practice, GARCH(1,1):

Y = [/J + €y, Ep ZldN(O, 1)

where e, = o046 and 07 = g + €l + 00,

o4



The only difference from ARCH(1) is that the conditional variance is expressed as

a linear function of one lagged conditional variance as well as one lagged squared

disturbance. In GARCH, the unconditional variance is ag/(1 — oy — ), which only

exists if ag > 0 and |ag + 4| < 1.

For the prediction error decomposition,

the prediction error, 1, =y — E [y li—1] = v — 1

the variance of 7, o? =Var[n|Li_1] = ap + are? | +v,0%

8.1.3 Flow Chart for MLE

(i)
Step 1>
Step 2>
Setp 3>
Step 4>
Step 5>
(i)

Setp 0>
Step 1>
Step 2>
Step 3>

Step 4>
Step 5>
Step 6>

Main
DGP
Specify the initial value for each parameter to be estimated.
Define and construct the log likelihood function. (See below)
ML estimates are obtained
Evaluate the Hessian at the ML estimates to get their variance-covariance.
Constructing the log likelihood function
Put t =1 and InLL. =0
Define the parameters to be estimated.
Parameter transformation.(|a;| < 1 for ARCH, |ay + 4| < 1 for GARCH)
Specify the 1, and o7 at time t such that.
Mg =Yt — =6
o + are? | where €2 = ag/(1 — ;) : ARCH
Qo+ arer | +y,07 ; where €2 = ap/(1 — a3 — ;) : GARCH
Compute In f(n,|0) = —0.51n (270?) — 0.51? /02
InL =InL+In f(n,|6)

2 _
0y =

Put n,_; = n,, 02, = oZ(for GARCH case only), and
t =t 4+ 1 and go to Setp 3 while t < T.
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8.2 Code

8.2.1 ARCH
1 new,
2 cls;

al = 0.5;

tru_para = mulallal; @True parameter @

N N S S
=
S
|
\.N

emat = zeros(T,1);
10 tru_var = zeros(T,1); @ To save the true conditional variance @
11 tru_wvar[1] = a0/(1-a1); @ Initial variance @
12 emat[1,1] = rndn(1,1)*sqrt(tru_var[1]);

13 ir = 2;
14 do until itr>t;

15 tru_varfitr] = a0 + al*ematfitr-1]°2;
16 ematfitr] = rndn(1,1)*sqrt(tru_varfitr]);
17 itr = itr + 1;

18 endo;

19 ymat = mu + emat;

21 prmir_in = 3|1|0;
22 {zout,fout,gout,cout} = gqnewton(&lik_f,prmtr_in);
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zout_ fnl = trans(xout);

cov = inv(hessp(Elik_ f,xout));
grad = gradp(Etrans,zout);
cov_fnl = grad*cov*grad’;

stde = sqrt(diag(cov_fnl));

"true parameters estimates S.D." ;

tru_para "zout_ fnl stde;

n .

/*==== FEstimates for conditonal variance ====*

{var_hat,e_hat} = archout(zout);
title(" Conditional variance”);
xy(t,tru_var var_hat);

end;

/*====== Procedure 1 for Inl, ======== %/

proc lik_f(prmtr0);

local prmtri, mmu,bb0, bbl, aal, e L, aal, itr, InL, Inf, eta_t, f t, sig2t;
prmtrl = trans(prmtr0);

mmu = prmtri[1];

aal = prmitr1[2];

aal = prmir1[3];

InL = 0;

e L = sqrt(aal/(1-aal));

itr = 1;

do until itr>t;
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eta_t = ymat[itr]-mmu;

sig2t = aal+aal*(e_L"2);
Inf = -0.5%In(2%pi*sig2t) - 0.5%(eta_t"2)/sig2t;

InL = InL + Inf;

e L =eta t;
itr = itr + 1;
endo;
retp(-InL);
endp;
/¥====== Procedure 2 for ARCH

proc(2) = archout(prmtr0);

local prmtr1, mmu,bb0, bb1, aal, aal, itr, InL, Inf, eta_t, e L, sig2t,varmat,ehat;

prmtrl = trans(prmtr0);
mmu = prmiri[1];

aal = prmtr1[2];

aal = prmtr1[5];

InL = 0;

varmat = zeros(T,1); @ to save the conditional variance @

ehat = zeros(T,1); @ to save the residuals @
e L = sqrt(aal/(1-aal)); @ Initial residual @

wr = 1;
do until itr>1T;

eta_t = ymat[itr]-mmu;

sig2t = aal0+aal*(e_L"2);

varmatfitr] = sig2t;
ehatfitr] = eta_t;
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76 Inf = -0.5%In(2%pi*sig2t)-0.5%(eta_t"2)/sig2t;

77 InL, = InL + Inf;
78 e L =eta t;
79 itr = itr + 1;
80 endo;

81 retp(varmat,ehat);
82 endp;

83  /* ==== procedure3 for trans =====%*/

84 proc trans(prmtr); @ Trans @

85 local prmtri;

86 prmtrl = prmtr;

87  prmtri[2] = abs(prmir[2]);

88  prmtri[3] = exp(prmir[3])/(1+exp(prmir[3]));
89 retp(prmiri);

90 endp;
Bo Bo H
B | — |34 =| a | :ARCH

exp(fBy)
ﬁ2 1+6I>)<P(252) &1
8.2.2 GARCH

1 new;

2 cls;

4T = 400;

5 mu = 4;

6 al = 1,
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11
12
18

14
15
16
17
18
19
20

21
22
23
24
25
26
27
28

29
30
31
32

al = 0.5;
gaml = 0.5;
tru_para = mulal|al|gam1; @True parameter @
emat = zeros(T,1);
tru_wvar = zeros(T,1); @ To save the true conditional variance @
tru_var(1] = a0/(1-al-gam1); @ Initial variance @
emat[1,1] = rndn(1,1)*sqrt(tru_var[1]);

itr=2;

do until itr>t;
tru_varfitr] = a0 + al*ematfitr-1]°2 + gam1*tru_varfitr-1];
ematfitr] = rndn(1,1)*sqrt(tru_varfitr]);
itr = itr + 1;

endo;

ymat = mu + emat;

prmtr_in = 8|1|0|0;

{zout,fout,gout,cout} = gqnewton(&lik_f,prmir_in);
zout_fnl = trans(zout);

cov = inv(hessp(Elik_f,xout));

grad = gradp(&trans,zout);

cov_fnl = grad*cov*grad’;

stde = sqrt(diag(cov_fnl));

"true parameters estimates S.D." ;

tru_ para"zout_ fnl stde;
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3)3) n //;

34 /*==== FEstimates for conditonal variance ====%*/
35 {var_hat,e_hat} = archout(zout);

36 title(" conditional variance”);

37  axy(T,tru_var var_hat);

38 end;

39 /*====== Procedure 1 for Inl, ========*/
40 proc lik_f(prmtr0);

41 local prmtr1, mmu,bb0, bb1, aal, e L, aal, itr, InL, Inf, eta_t, f t, sig2t,ggam1,sig2 L;
42 prmirl = trans(prmitr0);

48 mmu = prmtri[1];

44 aal = prmir1[2];

45 aal = prmtr1[5];

46 ggam1 = prmirl[4];

47 Ik = 0;

48 e L = sqrt(aal/(1-aal-ggaml));

49 5192 L = aa0/(1-aal-ggaml);

50 itr = 1;
o1 do until itr>t;

52 eta_t = ymatfitr] - mmu; @ prediction error @

53 5192t = aa0+aal*(e_ L"2)+ggaml*sig2 L; @ variance of the prediction
error @

54 Inf = -0.5%In(2%pi*sig2t) - 0.5%(eta_t"2)/sig2t;

55 InL = InL + Inf;

56 e L =eta_t; @ a lagged prediction error @

57 sig2 L = sig2t; @ variance of the lagged prediction error @
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itr = itr + 1;

endo;

proc(2)=archout(prmtr0);

local prmtri, mmu,bb0, bb1, aal, aal, itr, InL, Inf, eta_t, e L, sig2t,
varmat, ehat, sig2_ L, ggaml;

prmtrl = trans(prmir0);

mmu = prmtri[1];

aal = prmitr1[2];

aal = prmtr1[5];

ggam1 = prmitrl[4];

InL = 0;

varmat = zeros(T,1); @ to save the conditional variance @
ehat = zeros(T,1); @ to save the residuals @

e L = sqrt(aa0/(1-aal-ggam1)); @ Initial residual @
sig2 L = aa0/(1-aal-ggaml1);

ir = 1;

do until itr>T;
eta_t = ymatfitr] - mmu;
sig2t = aal + aal*(e_L"2) + ggaml*sig2 L;
varmatfitr] = sig2t;
chatfitr] = eta_t;
Inf = -0.5%In(2%pi*sig2t) - 0.5%(eta_1°2)/sig2t;
InL = InL + Inf;
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A1
6 2
Bs

e L =eta t;
5192 L = sig2t;
wr = atr + 1;

endo;

retp(varmat,ehat);

endp;

/*==== procedure3 for trans =====*/

proc trans(prmtr); @ Trans @

local prmtri;

prmitrl = prmir;

prmitr1[2] = abs(prmtr[2]);

prmtr1[3] = exp(prmir[3])/(1+exp(prmir[3])+exp(prmir[4i]));

prmtri[4] = exp(prmir[4])/(1+exp(prmir[3])+exp(prmir[i]));
retp(prmirl);

endp_ _ _ .
By K
a

N 1Bl — | | :carcH

exp(ﬂg) e}
1+exp(By)+exp(B3) !
eXP(BS) o

L 1+exp(Bz)+exp(B3) [ 72
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9 Probit

9.1 Background

Probit models are very convenient to analyze binary endogenous variables. We observe

some variable ¥, that takes on either 0 or 1. Define a latent variable y; such that
y;( = x:ﬁﬁ +E,  Er ”dN(Oa ]-)

Then we do not observe y;, but observable data y, is assumed to take on 0 or 1 according

to the following rule:
yy = 1if y; > 0 and y; = 0, otherwise.
The likelihood density is given by

Priy,=1] = Prly; > 0]
= Prlz;f+e& > 0]
= Prle > —af]
= Prle <zf
= @[]
Priy,=1] = 1-&[z]

9.2 Likelihood Function

If we have iid sampling, the likelihood should be the product of the probability of each

observation. Hence

L=[[es" -

t=1
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9.3 Code
1 new,
2 cls;
§ f==—==———DGP=========%/
4/ T = 200;
5 Ymat = zeros(t,1);
6 X1mat = rndn(t,1);
7 X2mat = rndn(t,1);
8 xmat = XImat~ X2mat,
9 bl = 2;
10 b2 =-1;
11 = b1|b2;
12 tru_para = b,
13 itr = 1;
14 do until itr > t;
15 tmp = rndu(1,1);
16 xb = xmatfitr,.]*b;
17 if tmp < cdfn(xb); ymatfitr] = 1; endif;
18 itr = itr + 1;
19 endo;
20  /*======== Estimation =========%/
21 bl in=bl + 0.5

T
InL =3 @5+ 1 —y)n-2xd)
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b2 in = b2 - 0.5;

prmtr_in = bl_in|b2_in;

{zout,fout,cout,gout} = qnewton(&lik_f,prmir_in);

cov = inv(hessp(Elik_f,xout));
T wal = zout./sqrt(diag(cov));

"True value Estimates t value" ;

n

)

tru_para “zout”t_ wval;

proc lik_f(prmtr);

local bb,InL,cuml_ den,Inf,itr;
bb = prmir[1:2];

InL = 0;

itr = 1;

do until itr > t;

cuml_den = cdfn(xmat/itr,.]*bb);
Inf = ymatfitr]/*in(cuml_den) + (1 - ymatfitr])*In(1-cuml_den);

InL = InL + Inf;

iwr = aitr + 1;
endo;
retp(-InL);
endp;
end;
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10 AR models

10.1 Background

Autoregressive models are widely used in forecasting stationary financial data. The
analysis of a simple case, AR(2) model can readily be generalized to the general AR(p)

model.

10.1.1 AR(2) model

An AR(2) model assumes the form
Yo = D11+ G a +er, e~ iid(0,07)
We can represent this into an AR(1) process using a vector form.

Yt _ 1 O Yt—1 n €¢ €t  iid 0 ’ o 0

Yi—1 1 0 Yi—2 0 0 0 0 O

Then by recursive substitutions,

- - - 1 2

Yt € b1 b, €t—1 b1 9, €1—2
Yi—1 0 10 0 1 0 0
10 e er_ €
- I o e I - e INVE Ty o 0
01 0 0 0 1 0
Hence the impulse response of ¥, to a shock at time t, Bgt; i = a(th~ can be obtained
—J

by computing (1,1) element of FV.
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10.1.2 Flow Chart

Step 1> Load data

Step 2> Regress (y;, — §) on (y,_1 — y) and (y;_2 — 7) to obtain ¢,’s
Step 3> Construct ' matrix

Step 4> Save the (1,1) element of F7 ( j=1, 2,.., J)

10.2 Code

new;
cls;

1

2

3 library pgraph;
4 T = 167; @ Population period, 1960:1 ~2001:3 @
5

Jj = 40; @ Length of horizon for impulse responses @

6 /*========loading data ===========%/
7 load data[T,3] =c:\data\watson.txt;

- ‘load’ is a command for loading data.

8 data = data[1:T,.]; @ sample data @

9 inf = datal.,1]; @ inflation rate @

10 Un = data/.,2]; @ Un @

11 ffr = datal.,3]; @ ffr @

12 Ymat = Un;

13 title("Unemployment rate”);

14 xzy(T,ymat);

15 /*======== OLS Estimation ========*/
16 y0 = ymat[3:T]; @ Y(t) @

17 Y = y0 - meanc(y0);

18 20 = ymat[2:T-1] "ymat[1:T-2]; @ Y(t-1) “Y(t-2) @

68



19 X = 20 - meanc(z0)’;
- For convenience, we use the demeaned data so that we do not have to consider

the intercept term.

20  phi_hat = inv(X'X)*X’Y;
21 ehat = Y - X*phi_ hat;
22 sig2_hat = ehat’ehat/(T-4);

23 /*========== Impluse Response =========%/

24 imp = zeros(j,1); @ To save the estimated impulse response @
25 F_hat = phi_hat’|170; @ F matriz @

26 F j=eye(2);

- Constructing F matrix.

27 itr = 1;
28 do until itr > j3;

29 Implitr] = F_j[1,1]; @ impulse response at horizon itr @
30 F j=F j*F hat;

31 itr = itr + 1;

32 endo;

38 title("Impluse Response Function");

34 xy(seqa(0,1,5),imp ~zeros(j,1));

35 end;

- y=seqa(start, inc, N) creates an additive sequence.

Input: start = scalar specifying the first element.

inc = scalar specifying the increment.

N = scalar specifying the number of elements in the sequence.

Output: y = Nx1 vector containing the specified sequence.
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11 Recursive VAR

11.1 Background

To illustrate recursive VAR models, we focus on a simple case, VAR(2). The general-

ization of VAR(2) to VAR(p) models is straightforward.

11.1.1 Structural VAR(2) representation

A multivariate time series Y; is a structural VAR process of order 2 if it follows the

model

Structural shocks, e,

b1 b2 Yit
(1)
ba1  bao Yot
—_—— A —
B Yi
1 1 2 2
Y11 Y12 Y1t—1 Y11 V12 Y1t—2 n €1¢
1 1 2 2
| V21 22 Yat—1 V21 V22 Yat—2 €2t
I:T Yzl ?‘g Y:f2 €t
€1t B 0 10
~ 1id
€t 0 0 1

Due to the endogeniety, these structural equations can not be simply estimated. Hence

we need to consider the following reduced form VAR.

11.1.2 Reduced VAR(2) representation

Y,

where &,

DY + DY o+ uy
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BT, ® =B '"Tyand u; = B e, ~ (0,Q=B'B™")



Note that
Structural Parameters : T'y, I'y, B

Reduced Parameters :  ®q, Oy, )

In this reduced form, the endogeniety is resolved and so we can estimate these equa-
tions instead of the structural form with OLS. However this creates another problem
as follows. The total number of the model parameters in the structural form is 12, but
11 in the reduced form. Thus all of parameters in (1) are not recovered by those of
(2), which implies that at least one restriction on (1) is required.

For a recursive VAR, we set the (1,2) element of B~! zero, that is

-1

1 bir bi2 air a2 an 0 .
B = = = : lower triangular
bar oo Q21 Q22 Q21 A22

Our aim is to estimate the impulse responses,

Oy1e Oyt
ayt-f-j _ 83/}& _ Oeri—j Oeai—j . (2 % 2)
8€t 8et_j Oyat Oyt

Oeit—j  Oeapj

From (2), Y; can be expressed as MA(00):

Y, = w+ 1w+ Youp_g + P3uz + ...
= B le,+ ¢, B e +yB ey o 03B e s+ ..

= Opey + 01601 + a9 + 0363 + ...

Thus the impulse response can be obtained by the following 2 x 2 matrix:

Wiy 0Y,
8et N 8615,]-

=0; = ij_l for each j = 1,2, ..
Therefore, we shall estimate ¢; and B!, respectively.
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11.2 Flow Chart

Step 1> Regress Y; on Y, ; and Y, .

U3

U4

T

U23

Y24

UaT

:(T-2) x 2.

Y1z Y23
Y14 Y24
| it Yor |
Y12 Y22 Y11 Y21
B Y13 Y23 oy, P Y12 Y22 o} %
o E | ek e, e e,
| YiT-1 Yor-1 | Yir—2 Y212 |
| Y12 Y2 Yun Y 1] o D Il U1z Ugs
. Y13 Y23 Y12 Y22 ®; Py U4 Y24
| Yir—1 Yer—1 Yir-2 Yor-2 | | @%1 @32 | | Uar U2r
Step 2> Obtain ®1(2 x 2), ®5(2 x 2) and 4((T — 2) x 2).

A

, . o @
Step 3> For 1;, construct a F' matrix such as F' = ' ?

Iy O2x2
univariate AR models.

Step 4> For B!, use 4 to get Q = @/'0/(T — 2) and B~! = Chol(Q).

Step 5> Compute 9:%3*1 where @Abj:[l:2, 1:2] block of F

: 4 x 4 like in



New;

library pgraph;

cls;

t0 = 167; @ Population period, 1960:1 ~2001:3 @
k = 8; @ Dimension of VAR @

p = 4; @ # of Lag @

Jj = 24; @ Length of horizon for impulse response @

I S T U O N

========|oading data ==============%/
9 load dataft0,3] =c:\data\watson.txt;

10 data = data[1:t0,.]; @ sample @

11 inf = datal.,1]; @ inflation rate @

12 un = data/.,2]; @ Un @

13 ffr = datal.,3]; @ ffr @

14 y = inf un"ffr;

- The order of the variables is determined here based on the degree of endogeniety.

o
N
x

15 y0 = y[p+1:10,.J; @ t0-p by k, Y(t) @
16yl =y[f:t0-1,.); @ Y(t-1) @

17 y2 = y[3:10-2,); @ Y(1-2) @

18 y3 = y[2:t0-3,.]; @ Y(t-3) @

19 yf =y[l:0-4,.); @ Y(t-4) @

20y _lag =yl y2 y3 y4;

21 @ Demean @

22 y0 = y0 - meanc(y0)’;

23 y lag =y _lag - meanc(y_lag)’;

2/ /*===== FEstimation of Phi and Omega_ hat ====%*/
25 phi_hat = inv(y_lag’y_lag)*y_lag’y0; @ p*k by k @
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26  F = phi_hat'|(eye((p-1)*k) zeros(k*(p-1),k)); @ p*k by p*k @

27 T = rows(y0); @ rows of Y @

28 @ Omega_hat @

29 u_hat = y0 - y_lag*phi_hat; @ t-p by k @

30 Omeg = u_hat’*u_hat/T; @ variance- covariance matriz, k by k @

31 /* === FEstimation of inv(B) using Cholesky decomposition ===%*/

32 @ calculating the Inverse matrix of B by Cholesky Decomposition @

33 inv_ B = chol(Omeg)’ ; @ Lower triangular matriz @

34 /¥======== Impulse Responses =======%/

35 theta_i = zeros(j+1,k); @ Impluse response of inflation to each shock @
36 theta_u = zeros(j+1,k); @ Impluse response of Un to each shock @

37 theta_f = zeros(j+1,k); @ Impluse response of FFR to each shock @

- For example, theta f[.,1] = response to elt, theta f[.,2] = response to e2t,

theta f[.,3] = response to e3t.

38
39
40
41
42
43
44
45
46
47
48

49

FF = eye(p*k);

itr = 1;

Do until itr > (j+1);

psi_j = FF[1:k,1:k]; @k by k @

theta = psi_j*inv_ B; Q k by k @
theta_ifitr,.] = theta[1,.]; @ 1 by k, Inf @
theta_ ufitr,.] = theta[2,.]; @ 1 by k, Un @
theta_ flitr,.] = theta/3,.J; @ 1 by k, FFR @

FF = FF*F;

wr = utr + 1;

endo;

/* ====== PLOT IMPULSE RESPONSES =======*/
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graphset;

Begwind;

window(3,3,0);

Setwind(1);

title("Inflation shock to inflation”);

zy( seqa(0,1,j+1), theta_if.,1] zeros(j+1,1));
Setwind(2);

title("Inflation shock to Un");
zy(seqa(0,1,j+1),theta_wuf.,1] zeros(j+1,1));
Setwind(3);

title("Inflation shock to FFR");
zy(seqa(0,1,j+1), theta_f[.,1] zeros(j+1,1));
Setwind(4);

title("Un shock to Inflation");
zy(seqa(0,1,j+1),theta_i[.,2] “zeros(j+1,1));
Setwind(5);

title("Un shock to Un");
zy(seqa(0,1,j+1),theta_ uf.,2] zeros(j+1,1));
Setwind(6);

title("Un shock to FFR");
zy(seqa(0,1,j+1),theta_ f[.,2] “zeros(j+1,1));
Setwind(7);

title("FFR shock to Inflation”);
zy(seqa(0,1,j+1),theta_i[.,3] “zeros(j+1,1));
Setwind(8);

title("FFR shock to Un");
zy(seqa(0,1,j+1),theta_wuf.,3] zeros(j+1,1));
Setwind(9);
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title("FFR shock to FFR");

xy(seqa(0,1,j+1),theta_f[.,3] “zeros(j+1,1));

Endwind;

end;
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12 Panel Analysis ( Fixed Effect Model)

12.1 Background

The starting point is the following:
Vi = p; + T, + ey where e ~ (0,0%) forall i =1,2,..,nand t =1,2,..,T

yir = 1 x 1 dependent variable for cross-section unit 7 at time ¢
ri = k x 1 explanatory variable for cross-section unit ¢ at time ¢
For simplicity, we restrict our discussion to estimation with balanced panels. That
is, we have the same number of observations on each cross-section, so that the total
number of observation is n x T'. Also we consider the simple case of n = 3.
For the fixed effects, in which the individual effect p; is correlated with z;, the
time-invariant p,, i, and p4 are treated as unknown parameters to be estimated.

Thus this model can be rewritten as

3/1 = M1+X16+611TX1, €1N(0,O'2IT) (1)
Vo = py+XofB+e:Tx1, ey~ (0,0°I)

Vs = py+XsB+es:Tx1, ey~ (0,0°Ir)

or
Y ] 1p Or Or X, e1
Y5 = Op |+ | 1p [ o+ | Op | s+ | Xo | B+ | ey | :3Tx1
Y | Or Or Ir X3 €3
e1 ]
where | e, ~ (0,0%I37)
es |

7



or

Y = Dipiy + Dojiy + Dsjig + X+ e : 3T x 1 where e ~ (0, 0% I37)

There are two simple ways to get a fixed effect estimator (or within group estimator).

(i) One way is using dummy variables as follows.

Y11 1 0 0 Z11 e
nr 1 0 0 T1r elr
Y21 0 1 0 o1 €91
Yor 0 1 0 Tor ear
Y31 0 0 1 31 €31

| YT | 0] | 0] 1] | Tsr | esr

H K
ﬂz x yx\—1 */ A2 A A ~ * /12
= (X"X") " X"Y and 6" =¢'¢/(3T —3 — k) wheree =Y — X
M3 Hs
B B

(ii) The other useful way to implement a fixed effects estimator is transforming all

the variables by subtracting individual-specific means as the following:
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Because the mean of for individual i is merely p,, we can difference (1) and (2) to yield

}/1—?1 = (Xl—X1)6+(€1—él)ITX1
}/2—}72 = (XQ_XQ)/B+<€2_é2):TX1

}/;3—}7;3 = (Xg—Xg)ﬁ—i-(eg—ég)ITXl

or
Y11 — Y1 11 — X1 e11 — €1
vir — Y1 T — X1 eirr — €1
Yo1 — Y2 To1 — Xo €21 — €2
Y = = G+
Yor — Yo Tor — Xo €ar — €2
Y31 — Y3 T31 — X3 €31 — €3
Ysr — Y3 Tar — X3 esr — €3
Then

B=(X*X*) "' X*Y* and 6° = ¢'¢/(3T — 3 — k) where é = Y** — X**[3

12.1.1 Flow Chart

Step 1> DGP
Step 2> Transform all the variables by subtracting individual-specific means.

Step 3> Run OLS on the demeaned variables.
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1 new,

2 cls;

3 [¥============ DGP ===============%/
4 t = 20; @ size of times series @
5 n = 8; @ # of Cross section @
6 k = 1; @ # of regressors @

7 /*=== True parameters===%*/
8 mul = -2;

9 mu2 = 0;

10 mus = 2;

11 Tru b =1;

12 5192 = 2;

13 tru_para = tru_ b|sig2;

14 zl = rndu(T,1)*5 + mul;

15 2 = rndu(T,1)*5 + mu2;

16 28 = rndu(T,1)*5 + mu3;

17z = xl|z2z3;

18 yl = mul + x1*tru_b + rndn(T,1)*sqrt(sig2);
19 y2 = mu2 + x2%ru_b + rndn(T,1)*sqrt(sig2);
20 y3 = mud + x3%tru_b + rndn(T,1)*sqrt(sig2);
21y =ylly2lys;

22 /¥====== Estimation 1: Fized Effect Estimator ========%/
23 @ Demean for individual 1 @
24 yl _dm = y1 - meanc(yl);
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zl_dm = z1 - meanc(xl1);

@ Demean for individual 2 @

y2 _dm = y2 - meanc(y2);

2 dm = x2 - meanc(z2);

@ Demean for individual 3 @

y3_dm = y3 - meanc(y3);

3 _dm = x3 - meanc(z3);

y_dm =yl dm|y2 dm|y3_dm; @ Demeaned regressors @

z_dm =zl _dm|z2_ dm|x3_dm; @ Demeaned independent variables @
b_hat = inv(xz_dm’z_dm)*z_dm’y dm; @ Fized Effect Estimator @
ehat =y _dm-x_dm*b_hat; @ residuals @

sig2hat = ehat’ehat/(n*T-n-k); @ n=3, k=1 @

cov = sig2hat*inv(x_dm’x_dm);

True value ;;tru_para’s;
Fixed Effect Estimates ;;b_hat’ " sig2hat;
S.D of Estimates ;;sqrt(diag(cov))’;

Ymat = y;
Xmat = ones(n*T,1)~X;
B_pool = inv(Xmat’Xmat)*Xmat’Ymat;
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13 State Space model: Dynamic Factor Model

13.1 Background

A state-space representation consists of two equations: measurement and transition

equation. The measurement equation specifies the relationship between observed and

unobserved factors. The transition equation defines the evolution of unobserved factors

as AR(1) form.

All techniques are illustrated by an example, a bivariate dynamic factor model. In

this model, two observable variables share one dynamic common factor. Hence each

variable has its own idiosyncratic component and common factor.

Measurement equation

Y1t
Yat

where H

By +

y € =

Transition equation

€1¢

=HpB, + e
€2t
€1t - 0 o?
~ 1dN ,R| and R =
€ot 0

By = FB i+

where v; ~ #@dN(0,Q), F = ¢ and Q = o>

for all time ¢

Note that v = 0 implies no correlation between two observable variables.

In order to estimate the parameters of this model using MLE, we should be able to

construct log likelihood function. Kalman filter recursions provide a suitable method for

computing prediction error decomposition. Kalman filter consists of six key equations.

More importantly, once the underlying matrices (H, R, Q, F') are specified, implemen-

tation of the Kalman filter is straightforward and mechanical.
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1 new;

2 cls;

3 library pgraph;

4 [f=============== DGP ============%/
5 t = 400; @ Sample size @

6 n = 2; @ # of variables @

7 = 1; @ Dimension of beta @

8 gam = 2;

9 phi = 0.5;

10 51921 = 1;

11 51922 = 2;

12 s1g2v = 0.8;

13 tru_para = gam| phi|sig2v|sig21| sig22;
14 beta = zeros(t,1);

15 b L =0;

16 b_war = sig2v/(1-phi~2);

17 itr = 1;

18 do until itr > t;

19 betafitr] = phi*b_ L+sqrt(sig2v)*rndn(1,1);
20 b_L = betafitr];

21 itr = itr + 1;

22 endo;

23 yl = beta + sqrt(sig21)*rndn(t,1);
24 y2 = gam*beta + sqrt(sig22)*rndn(t,1);
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40
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42
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44
45
46
47
48
49
50

_qn_ Printlters = 1; @ print iteration information @
prmtr_in = 1|0|in(1)|in(1)|in(1); @ initial value @
{xout,fout,gout,cout} = qnewton(&lik_f, prmtr_in);

zout_ fnl = trans(xout);

n _n.

- - s

" true values estimates”;

n n.

tru_ para~zout_ fnl;

xmat = filter(rout);
@ Filtered common factor @
title("Common Factor");

zy(t , xmat “beta "zeros(t,1));

proc lik_f(prmtri);

local Inf, Ht,prmtr,Q,R,F,beta_ll,p [l,InL,itr, pphi,
P tl, eta_tl, f tl, Kt, beta_tt, P_ttbeta tl,
ggam,ssig21,ss1g22,55192v;

prmtr = trans(prmirl);

ggam = prmtr[1];

pphi = prmitr[2];

ssig2v = prmtr[3];

ss1921 = prmtr[}];
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51922 = prmtr[5];
Q = ssig2v; Q k by k @

R = ssig2170|0 ssig22; @ 1 by 1 @

F = pphi; @k by k @
Ht = 1|ggam; @ n by k @

beta_ 1l = zeros(k,1); @ starting value for beta_ll @
Pl = ssig2v/(1-pphi~2); @ starting value for P_ll @

InL = 0;

wr=1;

do until itr > t;

Beta_ tl = F*beta_ll; @k by 1 @
P tl=F*P I*F +Q; @kbyk @

eta_ tl = ymatlitr,.]-Ht*beta_tl; @ n by 1 @
f tl = H*P I*Ht' + R; @nbyn @

InL = InL - 0.5%In(2%pi*det(f _tl)) - 0.5%eta_tl"*inv(f_tl)*eta_tl;

Kt = P_tI*Ht*inv(f_tl); @Kalman gain @

beta_ tt= beta_tl + Kt*eta_tl;

P_tt = P_tl - Kt*Ht*P_ti;

beta_ll = beta_tt;
P ll=P tt

iwr = atr + 1;

endo;

retp(-InL);
endp;
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75 J¥============= Flilter ==============%/
76 proc Filter(prmitrl);

77 local xmat,Inf, Ht,prmtr,Q,R,F,beta_ll,p ll,InL,itr,pphi,
78 P tl, eta_tl, f tl, Kt, beta_tt, P_ttbeta tl,

79 ggam,ssig21,ss1g22,5519g2v;

80 prmtr = trans(prmirl);

81 ggam = prmtr[1];

82 pphi = prmitr[2];

83 ssig2v = prmtr[3];

84 ss1921 = prmtr[}];

85  ss1g22 = prmtr[5];

86 Q = ssig2v;

87 R = ssig2170|0 ssig22; @ 1 by 1 @

88 F = pphi; @k by k @

89 beta Il = zeros(k,1); @k by 1 @

90 P Il = ssig2v/(1-pphi~2);

91 Ht = 1lggam; @ n by k @

92 xmat = zeros(t,1);

93 InL = 0;

9 itr = 1;

95 do until itr > t;

96 Beta_tl = F*beta_ll; @k by 1 @

97 P tl=F*P II*F" + Q; @k by k @

98 eta_tl = ymatfitr,.]” - Ht*beta_tl; @ n by 1 @

99 f tl=Ht*P_t1*Ht’ + R; @n by n @

100 InL = InL - 0.5%In(2*pi*det(f tl)) - 0.5%eta_tU"*inv(f tl)*eta_t;
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Kt = P_tl*Ht *inv(f_tl);
beta_tt = beta_tl + Kt*eta_tl;
P it =P _tl - Kt*Ht*P_tl;

xmatfitr] = beta_ tt;

beta Il = beta_ tt;
P ll=P tt

wr = atr + 1;

endo;

retp(rmat);
endp;

proc trans(prmirl);

local prmtr;

prmtr = prmirl;

prmtr[2] = prmir1[2]/(abs(prmtrl[2])+1); @ AR coefficient @
prmitr[3:5] = exp(prmir1[3:5]); @ variances @

retp(prmir);

endp;
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14 Markov Switching Model

14.1 Background

Hamilton(1989)’s Markov switching models have drawn much attention in modeling
regime shifts in depedent data. We consider the simpliest case that the evolution of the
discrete variable S; follows a first-order two-state Markov-switching process governed

by the following transition probabilities

Pr(S,=1|S;.1=1] = pn
Pr[S; =0|S;-1 =0] = poo

For illustration, we focus on an AR(1) model, in which all parameters are subject

to regime shift.

Yo — ts, = O(Ye—1 — pg,_,) +er, e iidN(0, U%t)

In this specification, AR coefficient, mean and conditonal variance switch simultane-
ously depending on S;. If S; (t =1,2,..,T) is known a priori, then this model would
be nothing but a dummy variable model. However, S; and S;_; are assumed to be
unobserved. Therefore, in calculating the density, we consider the joint density of v,
S; and S;_1.

The joint density of y;, S; and S;_; conditioned on past information I;_; is

f(yt, St St—1|It—1) = f(yt|5ta St—1, It—l) Pf[St, St—1|ft—1]
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where

2
1 1{ye — 1 A ¢ Yt—1 — s, ,
f(ye|Se, S, Li—1) = exp (_ ( t s (Y1 S )) >

5 2
\/2mo% 0%,
t

and Pr[St, St—1|-[t—1] = Pr[St|St_1] Pr[St_1|It_1].

To get the likelihood density f(y:|l;—1) we integrate out S; and S;_; out of the joint

density by summing the joint density over all possible values of S; and S;_;.

1 1
fyellir) = Z Z f (e, Sty Se—1]Li-1)

S¢=0S¢_1=0

Then the log likelihood function is given by

T
InL = Zln Iyl 1)
t=1

It is important to notice that calculation of the likelihood density requires Pr[S;_1|1;_1].
Once 1, is observed at the end of time ¢, we can update the probability of S; using the

Bayes’ rule in the following way.

Pr[St = j, St—l = Z|It]

= Pr[Si=j,5 1 =1ili_1,y
Pr[S; = j, Si—1 = i, ye| L1—1]

Sl i)
_ f(yel St = j, Sie1 =0, Li_1) Pr[Sy = j, Sicq = |14
f(yt|]t—1)
1
Pr(S, = jlL) =Y Pr[S, =j, Sy =i|I}]
i=0

Repeating the above steps for t=1, 2, .., T enables us to construct the likelihood
sequentially. The starting probability of S;(= Sp) is given by the steady-state or
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unconditional probability

1 — poo

Pr[SO B 1] - 2—pn —poo'

For the details, refer to Kim and Nelson (1999).

14.2 Flow Chart
Step 0> InL=0,t=1, Pr[Sy=1] = _1=poo

2—p11—poo
Step 1> Pr[S;, S;_1|Li—1] = Pr[S;|S;_1] Pr[S;_1|1;_1]
Step 2> f(ys, Sty Se—1|li—1) = f(ye|St, Se—1, Le—1) Pr[St, Sp—1|I;—1]
Step 3> f(yelli-1) = Yg,20 25, 1—0 S We Sty Sea|Ti-1)

Step 4> InL=InL+1In f(y|l;—1)

Step 5> Pr[S; = j, 511 = i|l] = Pr[St:?(S;;ulti’)ytutfﬂ

Step 6> PI‘[St = j|It] = Zg:O PI’[St = j, St—l = Z|_[t]

Step 7> 1Ift < T, thent =t + 1 and goto Step 1>

14.3 Code

1 new;
2 library pgraph;
3 cls;
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T = 246;
load data[T,1] =c:\data\ gdpgrowth.tzt;

ymat = data™*/; @ annual real GDP change in percent @

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

29
30

/* Initial value */

mul = 3;

mul = 3;
iphi0 = 0.5;
iphitl = 0.5;
151920 = 3;
151921 = 0;
w00 = 4;
ipll = 10;

_qn_ Printlters = 1;

prmir_in = imul|imul|iphi0|iphil|isig20|isig21|ip00|ip11;
{zout,fout,gout,cout} = gqnewton(&lik_f,prmtr_in);

zout_fnl = trans(zout);

cov = inv(hessp(Elik_f,xout));
grad = gradp(&trans,zout);
cov_fnl = grad*cov*grad’;
stde = sqrt(diag(cov_fnl));
t_wal = zout_fnl./stde;

ML estimates Standard errors t_wvalues;

n

xout_fnl~stde™t_wval;

Prbimat = filter(rout); @ Filtered probability of St=1 @

title(" filtered prb of St=1");
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33
34
35
36
37
38
39
40
41

42
43
44
45
46
47
48
49
50

51
52
53
94
55

56

xy(t,prbimat);

end;

/*===== Likelihood function ======%*/

proc lik_f(prmtr0);

local prmtr,mu0,mul,phi0,phil,sig20,s1921,p00,p11,
pll0,pll1,InL,utr,

ptl00,ptl10,ptl01,ptl11,

et00,et01,et10,etl1,

pdf00,pdf10,pdf01,pdf11,
pdf,Inf,ptt00,ptt10,ptt01,ptt11,

ptt1,ptt0;

prmtr = trans(prmir0);
mul = prmtr[1];

mul = prmtr[2];

phi0 = prmitr[3];

phil = prmtr[4];

51920 = prmir[5];

51921 = prmitr[6];

p00 = prmitr[7];

pll = prmir[8];

pll0 = (1-p00)/(2-p11-p00); @ Unconditional Probability for St=0 @
plll = 1 - pll0; @ Unconditional Probability for St=1 @

InL = 0;

itr = 2;

do until itr>t;
ptl00 = pll0*p00 ; @ Pr(S(t)=0,S(t-1)=111(t-1) ) @
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ptl01 = pll0*(1-p00) ; @ Pr(S(t)=0,S(t-1)=011(t-1) ) @
ptl10 = pll1*(1-p11) ; @ Pr(S(t)=1,S(t-1)=011(t-1) ) @
ptlll = pli*p1l ; @ Pr(S(t)=1,8(t-1)=111(t-1) ) @

et00 = ymatfitr] - mu0 - phi0*(ymatfitr-1] - mu0);
et01 = ymatfitr] - mul - phil*(ymatfitr-1] - mu0);
et10 = ymatfitr] - mu0 - phiO*(ymatfitr-1] - mul);
et11 = ymatfitr] - mul - phil*(ymatfitr-1] - mul);

pdf00 = (1/sqrt(2*pi*sig20))*exp(-0.5%et00"2/sig20);
pdf01 = (1/sqrt(2*pi*sig21))*exp(-0.5%et01°2/sig21);
pdf10 = (1/sqrt(2*pi*sig20))*exp(-0.5%et00"2/51920);
pdf11 = (1/sqrt(2*pi*sig21))*exp(-0.5%et11°2/sig21);

@ Probability Density Function for ymatfitr] @

pdf = pdf00*ptl00 + pdf01*ptl01 + pdf10*ptl10 + pdf11*ptil11;
Inf = In(pdf);

InL = InL + Inf;

@ Probability update @

ptt00 = pdf00*ptl00/pdf;
ptt01 = pdf01*ptl01 /pdf;
ptt10 = pdf10*ptl10/pdf;
ptt11 = pdf11*pti11/pdf;

pttl = ptt01 + ptt11;

ptt0 = 1- ptitl;
pll0 = ptto;
plll = ptti;
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81 ir = atr + 1;
82 endo;

83 retp(-inL);
84 endp;

85  /¥========== Procedure 2: Filtering ======%*/
86 proc filter(prmir0);

87 local prmtr,mu0,mul,phi0,phil,sig20,s1921,p00,p11,

88 pll0,pll1,prbIm,itr,

89 ptl00,ptl10,ptl01,ptli1,

90 et00,et01,et10,et11,

91 pdf00,pdf10,pdf01,pdf11,

92 pdf,Inf,ptt00,ptt10,ptt01,ptt11,

93 pttl,ptt0;

94 prmir = trans(prmtr0);
95 mu0 = prmtr[1];

96 mul = prmtr(2];

97  phi0 = prmtr[3];

98  phil = prmtr[4);

99 51920 = prmtr[5];

100 sig21 = prmir[6];

101 p00 = prmir[7];

102 pll1 = prmtr/8];

108 pll0 = (1-p00)/(2-p11-p00); @ Unconditional Probability for St=0 @
104 plll = 1 - pll0; @ Unconditional Probability for St=1 @

105 prbIm = zeros(T,1);

106 prbIm/[1] = plli;
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128

129
150

itr = 2;

do until itr>t;

ptl00 = pll0*p00 ; @ Pr(S(t)=0,S(t-1)=111(t-1) ) @
ptl01 = pll0*(1-p00) ; @ Pr(S(t)=0,S(t-1)=011(t-1) ) @
ptl10 = pll1*(1-p11) ; @ Pr(S(t)=1,S(t-1)=011(t-1) ) @
ptll1 = pli1*p1l ; @ Pr(S(t)=1,5(t-1)=111(t-1) ) @

et00 = ymatfitr] - mu0 - phi0*(ymatfitr-1] - mu0);
et01 = ymatfitr] - mul - phil*(ymatfitr-1] - mu0);
et10 = ymatfitr] - mu0 - phi0*(ymatfitr-1] - mul);
etl11 = ymatfitr] - mul - phil*(ymatfitr-1] - mul);

pdf00 = (1/sqrt(2*pi*sig20))*exp(-0.5%et00"2/51920);
pdf01 = (1/sqrt(2*pi*sig21))*exp(-0.5%et01 ~2/sig21);
pdf10 = (1/sqrt(2*pi*sig20))*exp(-0.5%et00"2/sig20);
pdf11 = (1/sqrt(2*pi*sig21))*exp(-0.5%et11°2/s1921);

@ Final Probability Density Function for ymatfitr] @
pdf = pdf00*ptl00 + pdf01*ptl01 + pdf10*ptll0 + pdfi1*ptli1;

@ At t = itr>1, to calculate conditional probability St=1 and St=0
using all information up to t-1 @

ptt00 = pdf00*ptl00/pdf;

ptt01 = pdf01*ptl01/pdf;

ptt10 = pdf10*ptl10/pdf;

ptt11 = pdf11*ptl11/pdf;

pttl = ptt01 + pttil;
ptt0 = 1- pttl;
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131 prbImfitr] = ptt1;

132 pll0 = ptto;
133 plll = ptti;
184 itr = atr + 1;
135 endo;

136 retp(prbim);
187 endp;

139 /*======== Procedure 3:Trans ========%/
140 proc trans(prmtrl);
141 local prmtr2;

148 prmir2 = prmiri;

144 prmir2[3:4] = prmir1[3:4]./(1+abs(prmir1[3:4])); @ phi’s @

145 prmitr2[5:6] = exp(prmir1[5:6]); @ sig2’s @

146 prmtr2[7:8] = exp(prmitr1[7:8])./(1+exp(prmir1[7:8])); @ transition prb @

148 retp(prmtr2);
149 endp;
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